Abstract. For 1 p 1 , su cient conditions on the generators f h g h 0 are given which ensure that the h-dilates of the shift-invariant space generated by h provide L papproximation of order k 0. Examples where h is an exponential box spline or certain dilates of the Gaussian e ,jj 2 are considered; it is shown that our su cient condition then provides an optimal lower bound on their approximation order.
S p is said to be a shift-invariant space because f , j 2 S p whenever f 2 S p and j 2 Z d . Since S p is`generated' by the shifts i.e. integer translates of a single function, we call it a principal shift-invariant space. There are, in the literature, a number 2 MICHAEL J. JOHNSON of ways of`generating' a shift-invariant space from a single function or a collection of functions . When the details are unimportant w e will simply write S o r S to denote this space. Shift-invariant SI spaces and principal shift-invariant PSI spaces are important i n m a n y areas of approximation theory including the study of multivariate splines, radial basis function theory, sampling theory, w avelets, and subdivision schemes.
We can dilate any PSI space S b y the parameter h 0 to obtain S h : = ff =h : f 2 S g: The directed family S h h is called a ladder of PSI spaces. When one has in hand a ladder of PSI spaces S h h , a standard problem, and one which has received considerable attention in the literature, is the determination of its L p -approximation power; i.e. the determination of the rate of decay of dist , f;S h ; L p as h ! 0 for su ciently smooth f 2 L p . Here dist f;A; X := inf x2A kf , xk X :
In the literature, the statement, S h h provides L p -approximation of order " has various de nitions 1 ; the essential ingredient is that then S h 1 h h provides L 1 -approximation of order k.
Proof. 8; x2.5 . Note that the only decay assumption imposed on h is the mild assumption h 2 L 1 .
Following this result, de Boor, DeVore, and Ron 4 considered the case p = 2 where they were able to give a complete characterization of closed SI subspaces of L 2 which provide L 2 -approximation of order k 0. Their results apply to non-stationary ladders of SI spaces and they make no decay assumptions on the generators. Kyriazis 21 , in turn, considered stationary PSI spaces for the case 1 p 1. Su cient conditions on the generator 2 L p are given which, when satis ed, ensure that the stationary ladder S h h provides L p -approximation of order k 0. Again, no explicit decay assumptions are made on the generator . In the present paper, we are concerned with providing lower bounds on the L p -approximation order 1 p 1 of non-stationary ladders of PSI spaces under the mild decay assumption that the generators belong to L p . An outline is as follows: In x2, we de ne our notion of L p -approximation order, and we state our main results. The proofs of these results comprise x5 and x6. These results are applied to non-stationary ladders of PSI spaces generated by exponential box splines and dilates of the Gaussian in x3 and x4, respectively. The particularly long proof of a proposition in x3 is postponed until x8. In x7, side conditions are given under which the Strang-Fix conditions of order k are su cient to ensure that the stationary ladder S h p h provides L p -approximation of order k. Throughout the remainder of this section, the exponent p will lie in the range 1 p 1 , the family of functions h h20:: h 0 will belong to L p , will lie in 0 : : 2, and will be a function in d We will show that for all 1 p 1 , the L p -approximation order of S h p h h is exactly k 0 de ned by K j := f 2 : j 2 Zn0g; j 2 Z d n0; k 0 := minfK j : j 2 Z d n0g:
For a general reference on box splines, the reader is referred to 6 . Actually, most of the claim in 3.1 is already known in its essence i.e. in the sense of 1.1. The case when is con ned to integral directions and = 0 has been settled in the work of 5 . The works of 27 , 13 , and 24 treat the case of integral and general . F or p = 1, 31 and 28 have settled the case of general and = 0. 8 , also working with p = 1, established the upper bound on the approximation order for general and general . They provided the lower bound in case 0 was su ciently smooth and the directions in were rational while is still general. 30 considers rational and general . F or p = 2, both the lower bound and the upper bound is established. The lower bound on the approximation order is established for 2 p 1 excepting that in case p = 1 it is required that b 0 2 L 1 .
20 established the upper bound on the approximation order for general and general for 1 p 1 . After completing the work on this example, I learned that Kyriazis 22 has extended the techniques of 21 to include some non-stationary ladders of PSI spaces. The remainder of this section is devoted to proving the claim in 3.1. Since we are assuming that the directions in span R d it follows that h is a piecewise-exponential polynomial function supported in 0 : : 1 m , where m := cf. 27 . Also, as a distribution, h has the following representation: In order to consider rst an easier case, assume for the time being that k 0 = 1 . W e will be applying Theorem 2.10 so let p := 1 and := 1. It is known cf. 31 
Proof. The lemma is clear when d Proof. cf. 32; th.11.6 . In the following lemma, a description is given for a multi-level approximation scheme employing the dilated shifts of a function . In subsequent theorems, this approximation scheme will be used except that will be replaced by a suitable approximation of drawn from dilates of S 1 h . Lemma 5.12. Let 1 p 1 , and let 2 d , g k 2 n,k L p A 2 , n,k ; 0 k n:
Note: 2 ,n,k is playing the role of h in 6.1, while h is playing the role of r in 6.1.
6.2 is a valid application of 6.1 because 0 h 2 ,n,k 1. Since g k 2 S 1 h , it follows from the fact that L p is a Banach space that g k 2 L p . We make use of the following lemma in the proof of Theorem 2.11. :
Thus completing the proof of the claim. Therefore, with 7.5 and Claim 7.7 in view, in order to prove the theorems, it su ces to show that The notation used in the following lemma is of course a silly abstraction of the hypothesis of Theorem 3.7; it serves simply to disarm the usual d-tuple representation of R d which, in the present situation, only gets in the way. 
